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f(m, n) LM m × n NO2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Square system and Hexagonal systems are widely applied in statistical
physics and chemistry. This article mainly studyies the number of (vertex)
independent sets of lattice system. There are two chapters, the first chapter
studies the number of independent sets of square lattice system. In this chapter
we introduce the notion of transfer matrix, and use the transfer matrix method
to get the formulae of the number of independent sets in square lattice system
on cylinder and torus, and list some numeric results at the same time. Using
this result, we give a new way to establish the upper bounder for the double




mn , where f(m, n) is the number of independent sets
in the m × n grid graph Gm,n.
The second chapter introduces the transfer matrix of zigzag nanotubes
and armchair nanotubes, some numeric results are provided, and also deduces
the formulae of independent sets of them.















. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . i
fcde
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii
g h
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
ijk lmnopqrstuv
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .6
§1.1 wxyz . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
§1.2 m × n {|}~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
§1.3 ~|} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
ik
zigzag  armchair qrstuv . . . 14
§2.1 zigzag ~ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
§2.2 armchair  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
c
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
 














Chinese Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . i
English Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii
Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
Chapter 1. The number of independent sets in square lattice
system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
§1.1 Transfer matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
§1.2 The number of independent sets in m × n grid graph . . . . . . . . . . . . 8
§1.3 The number of independent sets of square lattice in cylinder
and torus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
Chapter 2. The number of independent sets in zigzag nanotubes
and armchair nanotubes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
§2.1 The number of independent sets in zigzag nanotubes . . . . . . . . . . . 14
§2.2 The number of independent sets in armchair nanotubes
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19



















polyominoes Ç polyominoes È¿É³ÊË ÌÍÎÏÐÑ (cell-growth) ÒÓ·
Ô´ÕÖ×ØÇÙÚÍÎÔ´¸¹ºÛÜÅÏÀ·ÝÞÈ polyominoes ßàÙáâã¹äåæË²ç´µ¶·¸¹º»¼µ½¾°¿À·ÁÂºÃè®Å
Æçé




atical Games ËÇ polyominoes ú»·åæÛ³Êþ·ÁÂÊÛ¿ÉÊì±·Ç ®!"±ó#·$%Þ&'(Ûú»Æ)*ï+·,-Ç
polyominoes ÈÔ´±. 2- ½/01Û23
1. 4´561ÄÈÔ´78¸¹ºß




NO· polyominoes Æ7½/· (simply− connected)[3] Û̂ _`ab7½/·PºÇIQÛ¿ÉÒÓËÔJ°c· polyominoesÈ free polyominoesÛRSdeÛfe0gÛQ polyominoeshÀÈ¶·ÛÙÚ®i±¶·º















ÃÛ{®01þ·¹88|}~Ç± one−side polyominoes(`RSde0g)  fixed polyominoes(`RS0gÛ¹8±~)[2] Çþ9GTÈ× polyominoes%³·9´Ç³ÊîhÛ±~
polyominoes
·ÕÖ	DË»Á´¹1HIÔÛÒÓ (T iling with polyominoes) ÇB´^·¿ÉÒÓøù ®× polyominoes Ó·ÕÖÛQ°Ô]é polyominoes c  (/¡Æ









·¤º¥~B¹1·ÒÓ±óYÛi*ú© [5 Û 6] ÛTË±]ÒÓª«ý¬­®¯Û±]ÒÓ°±«ý®¯ÇIQÛ²¶³%³ÒÓ (Enumeration) ÇQ´
n
´ÍÎÛ<ú»µÏY¶´¶· animals ¥·¸þKý·9´¹ïðº»¼Ç×IÔ§¹Û 26 é»57½/ polyominoes %³·½Úú¾©¿À




1966 ÔÕF´ÖÔ´¡³ K(Q Klarner ¡³) Û×«Ø




n = K ÇÞßàÃÛáâ~ Klarner ¡³ K Ó·½ÚÈ 3.9+(Klarner











































































c¹Ç~é·%³µ·ÕÖ½ÚÊ¹1·óÊÛ{Þ&Ë¶X±DÛÚÁÔCÛÞ&Êñ¿ÉÊñ×%Á·³áB´ÒÓµÏ´óÊÇÌlegal matrices” È 0-1¤Û9´ÙÚÅÆµ:·ÙÚè® (i, j) 8| (i + 1, j) Ûëñ











































































hard vwHMetcalf 2 Y ang /
1978 xyz log κ(1) = 1
3

















39 oHEs triangular lattice & κ(1) &h&
(~qZl*mn 55 o8*
κ(z) 2hLg ¡¢£¤¥H/ [35 H 36] Q
G.S.Gaunt
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388802z9 − 2699202z10 +19076006z11 − 136815282z12 +993465248z13 +O(z14)
honeycomb: κ2 = 1 + 2z − 2z2 + 6z3 − 23z4 + 100z5 − 469z6 + 2314z7 −



































A)8¼*$§+,-.#À$ Gm,n ø/»01 m 2§34
n 2§3§*$H9: Gm,n 5;<6[ Gm,n = Lm × Ln, ¼:+,©ª
Hm,n = Cm × Ln
t[7à#$H Tm,n = Cm × Cn t[8à#$8











































mn ≤ 1.51316067 · · · .
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1.503047782 · · · ≤ η ≤ 1.5035148 · · ·
Hr§» R.J.Baxter G
1999 x`a corner bcdRLS
η = 1.5030480824753322643220663294755536893857810
C
©ªbcd§STH" S » Gm,n Q§:;<HUV S G$
G QWþX+YQ§ZWCT[\)þ] m + 1 ]§ 0-1 ^_CøQ 1 mG
S QH 0 mMG S QC\`§ m + 1 ]§ 0-1 ^_JG S Qabcde'(%0]
1 fgSÏCh¶ G3,4 i§:;< S CS GYi§ZWp»Và§ 4 ]^_uþC
(0, 0, 0, 0), (1, 0, 0, 0), (0, 1, 0, 0), (0, 0, 1, 0), (0, 0, 0, 1), (1, 0, 1, 0, ), (1, 0, 0, 1), (0,
1, 0, 1)j-k] 4- ]^_pl%\]ðm¶%0]in§ 1 oÏCpsX
+§ m,n, a Cm 6[q%'(%in 1 oÏ§ m + 1 ] 0-1 ^_ ν Cj
- Cm irs§tu Fm+2 CvwaxCG Gm,n i§:;<iiy0Y
ν1 z ν2 '(% 1 oÏGiý§o{Cø|* ν1 • ν2 = 0 C
+,bcd T = Tm }¶" T »þt Fm+2 × Fm+2 § 0-1 ptd
z~§¡Yp¼ Cm i§rsòóiý§YC T i (ν1, ν2) o{» 1





































1 1 1 1 1 1 1 1
1 0 1 1 1 0 0 1
1 1 0 1 1 1 1 0
1 1 1 0 1 0 1 1
1 1 1 1 0 1 0 0
1 0 1 0 1 0 0 1
1 0 1 1 0 0 0 0






















f(m, n, u) +,u&§Y^_u u § Gm,n i§:;<§C=
f(m, n, v) =
∑
u∈Cm
f(m, n, u)Tu,v (n ≥ 0; v ∈ Cm). ¼^_
fn+1 = Tfn
Cøi f0 = 1, 1 u 1 ^_CEFpq% n ≥ 0p% fn = T n1C
Gm,n i§:;<»^_ fn §q%rsu4C f(m, n) = 1 • Tn1 C
f(m, n)
» T n iq%rsu4C
¼s f(m, n) » T n iq%rsu4C©ª[- m X+z f(m, n) §
[\)» (I − xT )−1 rs4i¦i xn §ÞCp
m=2,
G:;<i[§Y^_»













1 1 1 1 1
1 0 1 1 0
1 1 0 1 1
1 1 1 0 0































































1 1 1 1 1 1 1 1 1 1 1 1 1
1 0 1 1 1 1 0 0 0 1 1 1 0
1 1 0 1 1 1 1 1 1 0 0 1 1
1 1 1 0 1 1 0 1 1 1 1 0 0
1 1 1 1 0 1 1 0 1 0 1 1 1
1 1 1 1 1 0 1 1 0 1 0 0 0
1 0 1 0 1 1 0 0 0 1 1 0 0
1 0 1 1 0 1 0 0 0 0 1 1 0
1 0 1 1 1 0 0 0 0 1 0 0 0
1 1 0 1 0 1 1 0 1 0 0 1 1
1 1 0 1 1 0 1 1 0 0 0 0 0
1 1 1 0 1 0 0 1 0 1 0 0 0




































 1  m,n lh Gm,n §:;<
m/n 1 2 3 4 5 6
0 3 5 8 13 21 34
1 7 17 41 99 239 577
2 17 63 227 827 2999 10897
3 41 227 1234 6743 36787 200798
4 99 827 6743 55447 454385 3729091
5 239 2999 36787 454385 - -
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